INTRODUCTION
Physical properties of anisotropic elastic materials are described by means of tensors, such as the dielectric tensor,  , of rank two, the piezoelectric tensor, e , of rank three and the elasticity tensor, , C of rank four.
Components of these tensors depend on the system of coordinate axes and the tensors are usually represented in matrix form. If the crystal possesses a plane of symmetry or an axis of symmetry, and an axis of a rectangular coordinate system is chosen to be parallel to the normal to the plane of symmetry or the axis of symmetry, the matrix representing the tensor acquires a simple form in which several components vanish and relations among others become apparent. However, with reference to an arbitrary coordinate system, the components exhibit none of these features and it is not obvious whether or not the crystal belongs to any of the symmetry classes characterizing elastic materials. For a plane of symmetry, Cowin and Mehrabadi (1987) addressed this problem. Let 
Theorem 1
A set of necessary and sufficient conditions for a unit vector n to be normal to a plane of symmetry is that it should be a common eigenvector of the following tensors: . Cowin (1989) later showed that the aforementioned conditions can be modified, so that n can be a common eigenvector of the last two of the aforementioned four tensors. Ting (1996 Ting ( , 2003 (Goldstein et al., 2006; Mehrabadi et al., 1995) . The corresponding tensor  , for reflection in a plane of symmetry with normal n , is relatively simple and is given by:
Ahmad (2010) used properties of Q to prove.
Theorem 2
For a unit vector p to be an axis of symmetry of an elastic material, it is necessary that it is an eigenvector of V U, and (Ahmad and Khan, 2009) . In this paper, first we shall provide somewhat simple and short proofs of necessary conditions in Theorems 1 and 2 by searching for invariant directions associated with the elasticity tensor. In case of a plane of symmetry, such a direction must be orthogonal to n , whereas in case of an axis of symmetry, it must be parallel to p . This approach immediately generalizes to tensors of arbitrary rank and produces elegant results for the piezoelectric tensor. We shall also present a set of necessary and sufficient conditions for the existence of an axis of symmetry of an order greater than or equal to 3. 
NECESSARY AND SUFFICIENT CONDITIONS FOR A NORMAL OR AN AXIS OF SYMMETRY
n is an eigenvector of the tensor U . In a similar manner, it follows that n is an eigenvector of V . Now, it is clear that: 
Theorem 3
A set of necessary conditions for a unit vector p to be an n -fold axis of symmetry, , 3 ,  n A n is the following.
1.
p is a common eigenvector of U and V , belonging to a nondegenerate eigenvalue. 2. With coordinate axes chosen so that 3 x -axis is along p , matrices representing the tensors 
Theorem 4
Necessary and sufficient conditions for a unit vector p to be a 3 -fold axis of symmetry are conditions 1 and 2 of Theorem 3 and condition (a).
Theorem 5
Necessary and sufficient conditions for a unit vector p to be a 4 -fold axis of symmetry are conditions 1 and 2 of Theorem 3 and condition (b).
Theorem 6
Necessary and sufficient conditions for a unit vector p to be a 6 -fold axis of symmetry are conditions 1 and 2 of .   33  44  55  34  24  56  35  46  15   34  24  56  44  22  66  45  26  16   35  46  15  45  26  16  55  66 
PLANE OF SYMMETRY OF A PIEZOELECTRIC MATERIAL
The argument leading to and following Equation 4 will now be applied to the piezoelectric tensor e to find necessary and sufficient conditions for the existence of a plane of symmetry. 
.
To show that the conditions of Theorem 7 are sufficient, choose coordinate axes so that x -axis as a normal to a plane of symmetry (Royer and Dieulesaint, 2000 (cos sin ,sin sin , cos ) . which is the tensor representing the yttrium calcium oxyborate (YCOB) crystal reported (Shimuzu et al., 2009 ).
AXIS OF SYMMETRY OF A PIEZOELECTRIC MATERIAL
The following theorem provides necessary and sufficient conditions for a vector p to be at least a 2 -fold axis of symmetry. However, since a four fold or a six fold axis is also a dyad axis, conditions of the theorem will be satisfied in case of an
4
A or an
6
A axis as well.
Necessary and sufficient conditions for an axis n A , 3  n will be given in Theorems 9 and 10. The following theorem concerning the piezoelectric tensor is the counterpart of Theorems 4 to 6 for the elasticity tensor.
Theorem 9
A set of necessary and sufficient conditions for a unit vector p to be a three fold axis of symmetry for a piezoelectric material described by the tensor (18) which is the form of a tensor belonging to a trigonal material (Royer and Dieulesaint, 2000) . Thus, the material has trigonal symmetry. Finally we have the following theorem
Theorem 10
Let m and n be mutually perpendicular unit vectors in the plane normal to p . If, in addition to conditions (1) and (2) 
Conclusions
The results developed in this paper are capable of immediate generalization to a tensor of arbitrary rank. In some applications, tensors of rank higher than 4 are required to adequately model the physical phenomena. For example Ozarslam and Mareci (2003) have noted that the diffusion tensor of rank 2 has limited application in the modeling of diffusion imaging and have proposed the use of the diffusion tensors of rank going up to 8 . Taking a cue from this observation, let us consider a tensor
